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Section 3.1 Introducing the Derivative
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Figure 3.3
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Figure 3.4
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Figure 3.5
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Figure 3.6
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Definition Rate of Change and the Slope 
of the Tangent Line
The average rate of change in f on the interval [a, x] is the slope of the 
corresponding secant line:

( ) ( )
sec .

f x f a
m

x a
-

=
-

The instantaneous rate of change in f at a is

( ) ( )
tan lim , (1)

x a

f x f a
m

x a®

-
=

-

which is also the slope of the tangent line at ( )( ), ,a f a provided this limit exists.

The tangent line is the unique line through ( )( ) tan, .with slope a f a m

Its equation is
( ) ( )tan .y f a m x a- = -
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Definition The Derivative of a Function 
at a Point
The derivative of f at a, denoted ( ),f a¢ is given by either of
the two following limits, provided the limits exist and a is in 
the domain of f:

( ) ( ) ( ) ( ) ( ) ( )
0

lim (1) lim (2)
x a h

f x f a f a h f a
f a f a

x a h® ®

- + -
¢ ¢= =

-
      or    .  

If ( )f a¢ exists, we say that f is differentiable at a.
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Figure 3.7
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Figure 3.9
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Figure 3.10
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Section 3.2 The Derivative as a 
Function
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Figure 3.14
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Definition The Derivative Function
The derivative of f is the function

( ) ( ) ( )
0

lim ,
h

f x h f x
f x

h®

+ -
¢ =

provided the limit exists and x is in the domain of f . If ( )f x¢ exists, we

say that f is differentiable at x. If f is differentiable at every point of an 
open interval I, we say that f is differentiable on I.
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Figure 3.15
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Figure 3.17
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Figure 3.18
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Figure 3.19
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Theorem 3.1 Differentiable Implies 
Continuous
If f is differentiable at a, then f is continuous at a.
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Figure 3.24
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Theorem 3.1 (Alternative Version) Not 
Continuous Implies Not Differentiable
If f is not continuous at a, then f is not differentiable at a.
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Figure 3.25
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Figure 3.26
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When Is a Function Not Differentiable 
at a Point?
A function f is not differentiable at a if at least one of the 
following conditions holds:

a. f is not continuous at a (Figure 3.24).

b. f has a corner at a (Figure 3.25).

c. f has a vertical tangent at a (Figure 3.26).
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Figure 3.27
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Figure 3.28
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Section 3.3 Rules of Differentiation
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Figure 3.29
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Theorem 3.3 Power Rule
If n is a nonnegative integer, then ( ) 1.-=n nd x nx

dx
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Table 3.1
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Figure 3.30
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Figure 3.31
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Definition The Number e
The number 2.718281828459e = ! satisfies

0

1lim 1.
h

h

e
h®

-
=

It is the base of the natural exponential function

( ) .xf x e=
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Theorem 3.6 The Derivative of e to the 
x Power
The function ( ) xf x e= is differentiable for all real numbers x,

and

( ) .x xd e e
dx

=
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Definition Higher-Order Derivatives
Assuming ( )y f x= can be differentiated as often as
necessary, the second derivative of f is

( )( )( ) .df x f x
dx

¢¢ ¢=

For integers n ≥ 1, the nth derivative of f is

( ) ( ) ( ) ( )( )1 .n ndf x f x
dx

-=
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Theorem 3.7 Product Rule
If f and g are differentiable at x, then

( ) ( )( ) ( ) ( ) ( ) ( ).¢ ¢= +
d f x g x f x g x f x g x
dx

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 55Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Theorem 3.8 Quotient Rule
If f and g are differentiable at x and ( ) 0,g x ¹

then the derivative of f
g

at x exists and

( )
( )

( ) ( ) ( ) ( )
( )( )2

.
f x g x f x f x g xd

dx g x g x

æ ö ¢ ¢-
=ç ÷

è ø
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Figure 3.34
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Section 3.5 Derivatives of 
Trigonometric Functions
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Theorem 3.10 Trigonometric Limits

0 0

sin cos 1lim 1 lim 0
x x

x x
x x® ®

-
= =
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Table 3.2
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Figure 3.35
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Figure 3.36
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Theorem 3.11 Derivatives of Sine and 
Cosine

( )sin cos=
d x x
dx

( )cos sin=-
d x x
dx
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Theorem 3.12 Derivatives of the 
Trigonometric Functions

( )sin cos=
d x x
dx

( )cos sin=-
d x x
dx

( ) 2tan sec=
d x x
dx

( ) 2cot csc=-
d x x
dx

( )sec sec tan=
d x x x
dx

( )csc csc cot=-
d x x x
dx
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Section 3.6 Derivatives as Rates of 
Change
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Definition Velocity, Speed, and 
Acceleration
Suppose an object moves along a line with position ( ).Then=s f t

the velocity at time t is ( ) ,¢= =
dsv f t
dt

the speed at time t is ( ) ,¢=v f t

the acceleration at time t is ( )
2

2 .¢¢= = =
dv d sa f t
dt dt
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Figure 3.42
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Figure 3.43
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Figure 3.44
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Section 3.7 The Chain Rule
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Theorem 3.13 The Chain Rule
Suppose ( )y f u= is differentiable at ( ) ( )u g x u g x= =and

is differentiable at x. The composite function ( )( )y f g x=

is differentiable at x, and its derivative can be expressed in 
two equivalent ways.

                             (1)dy dy du
dx du dx

= ×

( )( )( ) ( ) ( ) = ( )                 (2)d f g x f g x g x
dx

¢ ¢×
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Procedure Using the Chain Rule
Assume the differentiable function ( )( ) is given.y f g x=

1. Identify an outer function f and an inner function g, and let
( ).u g x=

2. Replace ( )g x with u to express y in terms of u:

( )( ) ( ).
u

y f g x y f u= Þ =
!"#

3. Calculate the product .dy du
du dx

×

4. Replace u with ( ) .dy dyg x
du dx

in to obtain 
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Table 3.3
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Theorem 3.14 Chain Rule for Powers
If g is differentiable for all x in its domain and p is a real 
number, then

( )( )( ) ( )( ) ( )1
.

p pd g x p g x g x
dx

- ¢=

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad



Slide - 97Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved

Figure 3.56
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Section 3.8 Implicit Differentiation
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Figure 3.57 (a & b)
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Figure 3.59
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Figure 3.60
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Figure 3.61
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Section 3.9 Derivatives of Logarithmic 
and Exponential Functions
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Figure 3.62
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Inverse Properties for e to the x Power 
and Natural Log of x
1. ln ,xe x= for x > 0, and ln( ) ,xe x= for all x.

2. lny x= if and only if .yx e=

3. For real numbers x and b > 0, ln ln .
xx b x bb e e= =
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Theorem 3.15 Derivative of Natural 
Log of x

1 1(ln ) ,   0              (ln ) ,   0d dx x x x
dx x dx x

= > = ¹for for

If u is differentiable at x and ( ) 0,  u x ¹ then

( )(ln ( ) ) .
( )

d u xu x
dx u x

¢
=

iPad

iPad
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Figure 3.63 (a & b)
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Theorem 3.16 Derivative of b to the x
Power
If b > 0 and b ≠ 1, then for all x,

( ) ln .x xd b b b
dx

=
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Theorem 3.18 Derivative of Log Base 
b of x
If b > 0 and b ≠ 1, then

1 1(log ) ,   0    (log ) ,   0.
ln lnb b

d dx x x x
dx x b dx x b

= > = ¹for and for
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Section 3.10 Derivatives of Inverse 
Trigonometric Functions
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Theorem 3.20 Derivatives of Inverse 
Trigonometric Functions

1

2

1(sin )
1

d x
dx x

- =
-

1

2

1(cos ) ,  1 1
1

d x x
dx x

- = - - < <
-

for 

1
2

1(tan )
1

d x
dx x

- =
+

1
2

1(cot ) ,   
1

d x x
dx x

- = - -¥ < < ¥
+

for

1

2

1(sec )
1

d x
dx x x

- =
-

1

2

1(csc ) ,   1
1

d x x
dx x x

- = - >
-

for
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Figure 3.72
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Figure 3.73
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Theorem 3.21 Derivative of the Inverse 
Function
Let f be differentiable and have an inverse on an interval I. If

0x is a point of I at which 1
0( ) 0,    f x f -¢ ¹ then

is differentiable at 0 0( )y f x= and

1
0

0

1( ) ( ) ,
( )

f y
f x

- ¢ =
¢

where 0 0( ).y f x=
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Section 3.11 Related Rates
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Figure 3.77
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Procedure Steps for Related-Rate 
Problems
1. Read the problem carefully, making a sketch to organize the given 

information. Identify the rates that are given and the rate that is to be 
determined.

2. Write one or more equations that express the basic relationships 
among the variables.

3. Introduce rates of change by differentiating the appropriate 
equation(s) with respect to time t.

4. Substitute known values and solve for the desired quantity.

5. Check that units are consistent and the answer is reasonable. (For 
example, does it have the correct sign?)
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Figure 3.78
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Figure 3.79 (a & b)
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Figure 3.80
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Figure 3.81
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