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Section 3.1 Introducing the Derivative
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Figure 3.5
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Figure 3.6

Tangent line
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Definition Rate of Change and the Slope
of the Tangent Line

The average rate of change in fon the interval [a, x] is the slope of the
corresponding secant line:

_S(x)-/(a)

X—d

m

S€C

The instantaneous rate of change in fat ais

tim? (x)z:f (@) @)

’
a

m

tan
x—a

which is also the slope of the tangent line at (a./(a)), provided this limit exists.

The tangent line is the unique line through (a, f(a))with slope m,,.

Its equation is

y—f(a)zmtan (x—a).
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Definition The Derivative of a Function
at a Point

The derivative of fat a, denoted f'(a), is given by either of

the two following limits, provided the limits exist and a is in
the domain of f. _

f(a+h)—f(a)

f'(a)yg;@j: D or 1ol BIE o

[f f'(a) exists, we say that fis differentiable at a.

p——

h=X~a - d
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Slope of tangent
line at (1, 5)
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Section 3.2 The Derivative as a
Function
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Figure 3.14
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= derivative at b
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Definition The Derivative Function

The derivative of fis the function

() = tim EHA) =S (2)
f()_c)—llm .

h—0

provided the limit exists and x is in the domain of f. If f'(x) exists, we

say that fis differentiable at x. If fis differentiable at every point of an
open interval /, we say that fis differentiable on /.

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 21


iPad


Exenple | : i foo= ) Tleh) - $)
ﬂl(’(\ ) / ? %D @H\B*?.(

Figure 3.15_ ) ,\K %E Mk\ié(x“‘\) - x5 )

Y A : -/ +k\2- 21 wLh F= ~ L -(2><+L +£V>S
:hao 0 - [(3( ' h"°)( n
9 - r T2 fl@)=-2 = -2 X "‘;‘—gq

f15) = ~4

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 22


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Example 2 . @mfdz —%'(x\ :—&27‘\[@ ~53 Dk + [
S = | x W%J&_M%' P Deth +d x
Figure 3.17 [ ) oL
2.2 7/ oo ' +
(«—D () =0.7b ' it

-

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 24


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Examf}e 4; Sb\e"‘cl\‘t)\ldmrl\ 0‘3)' 'HXS

Figure 3.18 Aoz 2o
2—5 %:_l > -L—-—Z) >

—
~~

—2 ~(=X) v A

)

NURAAS 4~ o

. ,

-5 =3 -2-1 |1 3 F 5 X

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 25

W
/
)
|


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Figure 3.19
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CoFrnus vs Drffereatiabilr
Theorem 3.1 DH"ferentlabIe Implies
Continuous

—,

If fis differentiable at a, then fis continuous at a.
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Figure 3.24

YA If £1s not continuous at a, then
f1s not differentiable at a.
y =fx)
/
|
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Theorem 3.1 (Alternative Version) Not
Continuous Implies Not Differentiable

If fis not continuous at a, then fis not differentiable at a.

A=>B Eomb = ut/
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Figure 3.25
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Figure 3.26 1 ™° W3)= 3 7% w

R .
vertical vertical
tangent ? \ﬁ = ,I X tangent

line line
N y ="V N

[ £f'(0) does not exist.j
>
0 0 >
lim f'(x) =
x->0"
lim f'(x) =
x=->0"

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 35


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


When Is a Function Not Differentiable
at a Point?

A function fis not differentiable at a if at least one of the
following conditions holds:

a. fis not continuous at a (Figure 3.24).

b. f has a corner at a (Figure 3.25).

c. fhas a vertical tangent at a (Figure 3.26).
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Figure 3.28
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Section 3.3 Rules of Differentiation
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Theorem 3.2 (GMLM Qu\e)

Figure 3.29
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e Dervalue o-% Exyanac‘ml Fw\chou = b oa x=o0
\n

&M b | X / 1
(0)= L v (K)E
Table 3.1 O T T s
\/
h_l Il_l (Lx\’ N
h =
20 h h
1.0 1.000000 2.000000
0.1 0.717735 1.161232
0.01 0.695555 1.104669
0.001 0.693387 1.099216
0.0001 | 0.693171 1.098673 |
X X
0.00001 (Z)’ ~ 0.693150 1.098618 ’4‘:(3
X=O

-
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Figure 3.30

Find b such that
f(x) = b* has
slope 1 atx = 0.

.099 for y = 3*

I I >
x
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Figure 3.31
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Definition The Number e

The number e=2.718281828459... satisfies
-

h
im&—1
h—0 h

—

J._‘%”

It is the base of the natural exponential function

f(x)=e".
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Theorem 3.6 The Derivative of e to the
x Power

The function f(x)=¢" is differentiable for all real numbers x,

and ewh\,\: gx. eh
la
—((e")=¢".
\\ dx k
d [ *\_ [\~ & ew . (e —13
2 le | = — <
abX h=>0 h o h
‘4__( K

|

| z
X +8¢e ZB(XZ)‘*@-X)
=4X te*
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Definition Higher-Order Derivatives

Assuming y=f(x) can be differentiated as often as

necessary, the second derivative of fis

/1) = (f()).

For integers n = 1, the nth derivative of fis

00 -4 0)

" X

QuampR £ ’fw\ug’fg_“) -%l(x\=z+ex,‘f'£x\=ex F=e
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Theorem 3.7 Product Rule

If fand g are differentiable at x, then

1S =0n & ) g
h% _ L\ >0 L\
i Foeth) —Je) g et h) +@ Jockh) ~ () F1Q

2 X % 2
g—xﬂf—lg (g_(fcj_f)'z (x)e +x7(€X) = axe+x e
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Theorem 3.8 Quotient Rule

If fand g are differentiable at xand g(x)=0, _ ! A
(9 )=9@E )
then the derivative of . at x exists and ?f )

S
) L
5)- (fag) tyedl
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Section 3.5 Derivatives of
Trigonometric Functions

(H(U:l:l: 8,12, 14, 19,21,22 2027 31 U0, U3 W ko et ST gz,gjéé) ART.3 747 25
o Ba!;&L 9:‘““{
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Theorem 3.10Q Trigonometric Limits
DU:\» 2 Z‘Q“F%x

S
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Table 3.2

X sin X

X

+ 0.1 0.998334166
+ 0.01 0.9999833334
+ 0.001 0.9999998333

N -
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Figure 3.35

@ Pearson

The graph of y =

x->0

-

.S
suggests that lim
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Figure 3.36

area. AACO < area see‘l‘drACO < area A BCO
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Theorem 3.11 Derivatives of Sine and
Cosine

?

— ?
dix(sin X) 5 dix(cosx)  _sinx

= D S (xrh) -su X . am(xrh) - x

@ —
—

h=>0 h Wy

o XS - s
@é‘m‘*-sﬁv S rahfsiksuk
h-=>» k’\
. Y h \/' t‘ - |
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Theorem 3.12 Derivatives of the
Trigonometric Functions

d d

a(sinx):cosx E(cosx):—sinx

et — 2 et —_ 2

. (tanx)=sec’ x o (cotx)=—csc’x

d d
—(secx)=secxtanx —(cscx) =—cscxcotx
dx dx
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dx
R X
P _Z
XAk x \ 2
o wxk

#4-6 "(—h”‘“j:n

ax% |+ sec X

3 3

sec;'x KH—SQUX) faux - 3ec X tam v = secx+secx
(\-t— SQC’K> ~ tanX cec X
L 3 (ﬁQL’)(%\) <Yara Secdc + Lecx Secx-'iz\;(J
( \L =T tgee A

I = o -
/
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Section 3.6 Derivatives as Rates of
Change

(HW 83.6 #1689 20) (HW&T #ARST 210,17.2023 30 3> > ul By
88, 8’7 IDI 103 i’ BT oJL 857
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Definition Velocity, Speed, and
Acceleration

Suppose an object moves along a line with position s :f(t).Then

the velocity at time t is v— (1),

-~ dr
the speed at time t is v=y=|/"(¢),
the acceleration attime tis 4 : d’s = 1"(¢)
— dt dt’
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Figure 3.43
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Velocity: v = s'(f) = 2t — 5
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Figure 3.44

Acceleration: a = s"(f) = 2

Y
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Section 3.7 The Chain Rule

(Hw# 47,53, 5C €& 61,66, 61,70, 72,77, 101, 103
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Theorem 3.13 The Chain Rule

Suppose y=f(u) is differentiable at u =g(x) andfu =g(x)

is differentiable at x. The composite function y=f (g(x))

is differentiable at x, and its derivative can be expressed in
two equivalent ways.

x))) =fLe(x)) g (x )
VAR @i

h> > \Xth) — & (X
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Procedure Using the Chain Rule

Assume the differentiable function y = f(g(x))is given.

1. ldentify an outer function fand an inner function g, and let

u=g(x).
2. Replace g(x) with uto express y in terms of u:
y=1(g(x))=y="1(u).

%f_/

u

dy du

3. Calculate the product :
du dx

. d )
4. Replace uwith g(x)in == to obtain =
du dx
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Theorem 3.14 Chain Rule for Powers

If g is differentiable for all x in its domain and p is a real
number, then

“((g(x)F)- p%( )) ¢ ().
Lglst) = (gl ), JUDES

@Pearson Copyright © 2019, 2015, 2011 Pearson Education, Inc. All Rights Reserved Slide - 96


iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad

iPad


Example_ 6 —ﬂx\: S;vx (e 3,3033‘3 + 1

}e

1.3

Figure 3.56 “%GC\ @5&
— ~ 55w @
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Section 3.8 Implicit Differentiation

(Hu)#/al 17,18,27 31,32, 39, 46, to, 5% 4t 7€,62, 8%

= exl;llc: J,ﬂwﬁ;ﬁa«
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Section 3.9 Derivatives of Logarithmic
and Exponential Functions

(HW Bt T #AREH,S, 18,19,23,20, 27 3,34 37 47,91, 103 107
BT #5,53,51,76 7479, 83,8%
!

. %(%éx\\ = ZJL\E
o (b)) = b Qb
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Figure 3.62 : /X
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Inverse Properties for e to the x Power
and Natural Log of x

1. ™ = x, forx>0,and In(e’)=x, forall x.
2. y=Inx ifandonlyif x=e".

3. Forreal numbers xand b >0, b* =™ =¢?,
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Theorem 3.15 Derivative of Natural

Log of x

d
—(Inx) =
dx( )

1

X

|

-

—,|for x>0

e

Fy
— (In|x) = l\,{or x #0
dx X

If u is differentiable at x and u(x) =0, then

$/

— (ln ‘u(x)‘)

u'(x)
u(x)
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Figure 3.63 (a & b)

~ Forx > 0.

d N
- U (Inx) = pE
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Theorem 3.16 Derivative of b to the x

Power / X
(&) =¢
If b>0and b # 1, then for all x, -
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Theorem 3.18 Derivative of Log Base
b of x

If b>0and b #1, then

(logb X) = i for x>0 and (logb ‘x‘) =

%:Q‘@"&)'X b Qb gr ( \
Lg:bgﬁbyilx = 3 = 1‘6 VOML;:}QME
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Section 3.10 Derivatives of Inverse
Trigonometric Functions

(HW#1,3,5,1,13,1€18,21, 30, w2, UL &I, Ly
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Theorem 3.20 Derivatives of Inverse
Trigonometric Functions

e Y

9 (sin”' x) = 2 (cos™ x) =

dx J1=x2 dx 1—y%

for—1<x<l1

——

4 (tan”' x) \—/ ! 4 (cot™ x) = 1
x C1+x dx 1+x

e

-, for —oo < x <00

d - 4 (csc™' x) =

1
dx |x| Vx® — dx |x| Vx® -1 ,

for |x|>1
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Theorem 3.21 Derivative of the Inverse
Function

Let f be differentiable and have an inverse on an interval /. If
X, is a point of / at which  f'(x,)#0, then /™'
is differentiable at v, = f(x,) and

Y 0,) = f,(lxo), where  , = £(x,).
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Section 3.11 Related Rates

(HW Tt #1103, < 11))«1:2?/»)3/3513 R L #2330,26 117,361 UL 47 £,
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Figure 3.77
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Procedure Steps for Related-Rate
Problems

1. Read the problem carefully, making a sketch to organize the given
information. ldentify the rates that are given and the rate that is to be

determined.

2. Write one or more equations that express the basic relationships
among the variables.

3. Introduce rates of change by differentiating the appropriate
equation(s) with respect to time t.

4. Substitute known values and solve for the desired quantity.

5. Check that units are consistent and the answer is reasonable. (For
example, does it have the correct sign?)
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Figure 3.78
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Figure 3.79 (a & b)
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Figure 3.80

200 m
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Figure 3.81

V1202 + 2002 = 233.248
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